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Tensors: Beyond 2D world

Modern data is inherently multi-dimensional
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Tensor Contraction

Extends the notion of matrix product

Matrix product
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Tensor Decompositions



Tensor Sketches

Randomized dimensionality reduction
through sketching.

◮ Complexity independent of tensor order:
exponential gain!
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Applications

Tensor Decomposition via Sketching by Wang, Tung, Smola, A. NIPS‘15.

Compact Tensor Pooling for Visual Question and Answering by Shi, Anubhai,
Furlanello, A, CVPR 2017 VQA workshop. Poster, this afternoon 2:30-4.
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Employing Tensor Contractions in Alexnet

Replace fully connected layer with tensor contraction layer



Enabling Tensor Contraction Layer in Mxnet



Performance	of	the	TCL

• Trained	end-to-end

• On	ImageNet	with	VGG:	
• 65.9%	space	savings
• performance	drop	of	0.6%	only

• On	ImageNet	with	AlexNet:		
• 56.6%	space	savings
• Performance	improvement	of	0.5%



Low-rank	tensor	regression

Tensor	Regression	Networks,		J.	Kossaifi,	Z.C.Lipton,	A.Khanna,	
T.Furlanello and	A.Anandkumar,		ArXiv pre-publication	



Performance	and	rank



Outline

1 Introduction

2 Tensor Contractions

3 Speeding up Tensor Contractions

4 Tensor Sketches

5 Conclusion



Speeding up Tensor Contractions

1 Tensor contractions are a core primitive of multilinear algebra.

2 BLAS 3: Unbounded compute intensity (no. of ops per I/O)

Consider single-index contractions: CC = AABB
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e.g. Cmnp = Amnk Bkp
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Speeding up Tensor Contraction

Explicit permutation dominates,
especially for small tensors.

Consider Cmnp = AkmBpkn.

1 Akm → Amk

2 Bpkn → Bkpn

3 Cmnp → Cmpn

4 Cm(pn) = Amk Bk(pn)

5 Cmpn → Cmnp

100 200 300 400 500
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n

(Top) CPU. (Bottom) GPU. The fraction of time
spent in copies/transpositions. Lines are shown with
1, 2, 3, and 6 transpositions.



Existing Primitives

GEMM

Suboptimal for many small matrices.

Pointer-to-Pointer BatchedGEMM

Available in MKL 11.3β and cuBLAS 4.1

C[p] = α op(A[p]) op(B[p]) + β C[p]

cublas<T>gemmBatched(cublasHandle_t handle,

cublasOperation_t transA, cublasOperation_t transB,

int M, int N, int K,

const T* alpha,

const T** A, int ldA,

const T** B, int ldB,

const T* beta,

T** C, int ldC,

int batchCount)
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A new primitive: StridedBatchedGEMM

C[p] = α op(A[p]) op(B[p]) + β C[p]

Pointer-to-Pointer BatchedGEMM requires memory allocation and
pre-computation.

Solution: StridedBatchedGEMM with fixed strides.
I Special case of Pointer-to-pointer BatchedGEMM.
I No Pointer-to-pointer data structure or overhead.

cublas<T>gemmStridedBatched(cublasHandle_t handle,

cublasOperation_t transA, cublasOperation_t transB,

int M, int N, int K,

const T* alpha,

const T* A, int ldA1, int strideA,

const T* B, int ldB1, int strideB,

const T* beta,

T* C, int ldC1, int strideC,

int batchCount)



A new primitive: StridedBatchedGEMM

Performance on par with pure GEMM (P100 and beyond).



StridedBatchedGEMM

Documentation in cuBLAS 8.0:

$$ grep StridedBatched -A 17 /usr/local/cuda/include/cublas_api.h

2320:CUBLASAPI cublasStatus_t cublasSgemmStridedBatched (cublasHandle_t handle,

2321- cublasOperation_t transa,

2322- cublasOperation_t transb,

2323- int m,

2324- int n,

2325- int k,

2326- const float *alpha, // host or device pointer

2327- const float *A,

2328- int lda,

2329- long long int strideA, // purposely signed

2330- const float *B,

2331- int ldb,

2332- long long int strideB,

2333- const float *beta, // host or device pointer

2334- float *C,

2335- int ldc,

2336- long long int strideC,

2337- int batchCount);

...



Tensor Contraction with Extended BLAS Primitives

Cmnp = A∗∗ ×B∗∗∗
Cmnp ≡ C[m+ n · ldC1 + p · ldC2]

Case Contraction Kernel1 Kernel2 Case Contraction Kernel1 Kernel2

1.1 AmkBknp Cm(np) = AmkBk(np) Cmn[p] = AmkBkn[p] 4.1 AknBkmp Cmn[p] = B>km[p]Akn

1.2 AmkBkpn Cmn[p] = AmkBk[p]n Cm[n]p = AmkBkp[n] 4.2 AknBkpm Cmn[p] = B>k[p]mAkn

1.3 AmkBnkp Cmn[p] = AmkB
>
nk[p] 4.3 AknBmkp Cmn[p] = Bmk[p]Akn

1.4 AmkBpkn Cm[n]p = AmkB
>
pk[n] 4.4 AknBpkm

1.5 AmkBnpk Cm(np) = AmkB
>
(np)k Cmn[p] = AmkB

>
n[p]k 4.5 AknBmpk Cmn[p] = Bm[p]kAkn

1.6 AmkBpnk Cm[n]p = AmkB
>
p[n]k 4.6 AknBpmk

2.1 AkmBknp Cm(np) = A>kmBk(np) Cmn[p] = A>kmBkn[p] 5.1 ApkBkmn C(mn)p = B>k(mn)A
>
pk Cm[n]p = B>km[n]A

>
pk

2.2 AkmBkpn Cmn[p] = A>kmBk[p]n Cm[n]p = A>kmBkp[n] 5.2 ApkBknm Cm[n]p = B>k[n]mA
>
pk

2.3 AkmBnkp Cmn[p] = A>kmB
>
nk[p] 5.3 ApkBmkn Cm[n]p = Bmk[n]A

>
pk

2.4 AkmBpkn Cm[n]p = A>kmB
>
pk[n] 5.4 ApkBnkm

2.5 AkmBnpk Cm(np) = A>kmB
>
(np)k Cmn[p] = A>kmB

>
n[p]k 5.5 ApkBmnk C(mn)p = B(mn)kA

>
pk Cm[n]p = Bm[n]kA

>
pk

2.6 AkmBpnk Cm[n]p = A>kmB
>
p[n]k 5.6 ApkBnmk

3.1 AnkBkmp Cmn[p] = B>km[p]A
>
nk 6.1 AkpBkmn C(mn)p = B>k(mn)Akp Cm[n]p = B>km[n]Akp

3.2 AnkBkpm Cmn[p] = B>k[p]mA
>
nk 6.2 AkpBknm Cm[n]p = B>k[n]mAkp

3.3 AnkBmkp Cmn[p] = Bmk[p]A
>
nk 6.3 AkpBmkn Cm[n]p = Bmk[n]Akp

3.4 AnkBpkm 6.4 AkpBnkm

3.5 AnkBmpk Cmn[p] = Bm[p]kA
>
nk 6.5 AkpBmnk C(mn)p = B(mn)kAkp Cm[n]p = Bm[n]kAkp

3.6 AnkBpmk 6.6 AkpBnmk



Tensor Contraction with Extended BLAS Primitives

Case Contraction Kernel1 Kernel2 Kernel3

1.1 AmkBknp Cm(np) = AmkBk(np) Cmn[p] = AmkBkn[p] Cm[n]p = AmkBk[n]p

6.1 AkpBkmn C(mn)p = B>k(mn)Akp Cm[n]p = B>km[n]Akp

Example: Mappings to Level 3 BLAS routines

Case 1.1, Kernel2: Cmn[p] = AmkBkn[p]

cublasDgemmStridedBatched(handle,

CUBLAS_OP_N, CUBLAS_OP_N,

M, N, K,

&alpha,

A, ldA1, 0,

B, ldB1, ldB2,

&beta,

C, ldC1, ldC2,

P)



Tensor Contraction with Extended BLAS Primitives

Case Contraction Kernel1 Kernel2 Kernel3

1.1 AmkBknp Cm(np) = AmkBk(np) Cmn[p] = AmkBkn[p] Cm[n]p = AmkBk[n]p

6.1 AkpBkmn C(mn)p = B>k(mn)Akp Cm[n]p = B>km[n]Akp

Example: Mappings to Level 3 BLAS routines

Case 6.1, Kernel2: Cm[n]p = B>km[n]Akp

cublasDgemmStridedBatched(handle,

CUBLAS_OP_T, CUBLAS_OP_N,

M, P, K,

&alpha,

B, ldB1, ldB2,

A, ldA1, 0,

&beta,

C, ldC2, ldC1,

N)

Y. Shi, U.N. Niranjan, A., C. Cecka “Tensor Contractions with Extended BLAS Kernels on CPU

and GPU” in HiPC2016.



Applications: Tucker Decomposition
Tmnp = GijkAmiBnjCpk

  mnp     ijk

   mi

  njT G
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B

   pkC Main steps in the algorithm
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t+1
nj A

t+1
mi

Performance on Tucker decomposition:
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Applications: FFT
Low-Communication FFT for multiple GPUs involves tensor contractions.

StridedBatchedGEMM composes 75%+ of the runtime.
I Essential to the performance.
I Two custom kernels are precisely interleaved GEMMs.

2 P100 GPUs: 1.3x over cuFFTXT.

8 P100 GPUs: 2.1x over cuFFTXT.

C. Cecka “Low-Communication FFT with Fast Multipole Method” GTC 2017.



Summary of this Section

Tensor contractions provide significant space savings in deep learning.

Fast tensor contractions using extended BLAS primitive:
StridedBatchedGEMM

Avoids explicit transpositions or permutations.

10x(GPU) and 2x(CPU) speedup on small/moderate sized tensors.

Available in cuBLAS 8.0

Future work:
I Exceptional case kernels/performance/interface??
I Library Optimizations

F Matrix stride zero – Persistent Matrix Strided Batched GEMM
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Tensor Sketching

Dimensionality reduction through sketching.

Count Sketch for vector x

C[h[i]]+ = s[i]x[i], for s[i] ∈ {−1,+1}n

+1

+1

-1

vector x

Sketch C

Count Sketch for outer products x⊗ y

Convolution of count sketches

C(x⊗ y, h, s) = C(x, h, s) ∗ C(y, h, s)

= FFT−1(FFT (C(x, h, s))FFT (C(y, h, s)))

+1

+1

-1

Tensor T

Sketch s



Multimodal Tensor Pooling

C W

H

L

Text feature

Image feature d1
d2

d3Spatial sketch

Count sketch

3D FFT

1D FFT

3D IFFT

(optional)

d4

d1
d2

d3



MCT in Visual Question & Answering

More on this at the poster at VQA workshop 2:30-4pm today
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Conclusion

Tensors are the future of ML

Tensor contractions: space savings in deep architectures.

◮ More on this at spotlight talk by Jean Kossaifi at this workshop
2:10pm today

New primitives speed up tensor contractions: extended BLAS

Tensor sketches compress efficiently while preserving information

Tensor sketches enable multi-modal tasks such as visual Q&A

◮ More on this at the poster at VQA workshop 2:30-4pm today
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